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BIHARMONIC MAPS FROM A 2-SPHERE
ZE-PING WANG, YE-LIN OU∗, AND HAN-CHUN YANG∗∗
Abstract
Motivated by the rich theory of harmonic maps from a 2-sphere, we study
biharmonic maps from a 2-sphere in this paper. We first derive biharmonic
equation for rotationally symmetric maps between rotationally symmetric 2-
manifolds. We then apply the equation to obtain a classification of biharmonic
maps in a family of rotationally symmetric maps between 2-spheres. We also
find many examples of proper biharmonic maps defined locally on a 2-sphere.
Our results seem to suggest that any biharmonic map S2 −→ (Nn, h) be a
weakly conformal immersion.
1. Introduction
In this paper, we work on the category of smooth objects, so all manifolds,
tensor fields, and maps, etc. are assumed to be smooth.
A harmonic map is a map φ : (M, g) −→ (N, h) between Riemannian manifolds
that is a critical point of the energy functional defined by
E(φ) =
1
2
∫
Ω
|dφ|2vg,
where Ω is a compact domain of M . The Euler-Lagrange equation of the energy
functional gives the harmonic map equation ( [ES])
(1) τ(φ) ≡ Trg∇ dφ = 0,
where τ(φ) is called the tension field of the map φ.
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A biharmonic map is a map φ : (M, g) −→ (N, h) between Riemannian mani-
folds that is a critical point of the bienergy functional defined by
E2(φ) =
1
2
∫
Ω
|τ(φ)|2vg,
where Ω is a compact domain of M . The Euler-Lagrange equation of this func-
tional gives the biharmonic map equation ([Ji1])
(2) τ2(φ) := Traceg(∇φ∇φ −∇φ∇M )τ(φ)− TracegRN(dφ, τ(φ))dφ = 0,
where RN denotes the curvature operator of (N, h) defined by
RN(X, Y )Z = [∇NX ,∇NY ]Z −∇N[X,Y ]Z.
Clearly, any harmonic map (τ(φ) ≡ 0) is always a biharmonic map. We call a
biharmonic map that is not harmonic a proper biharmonic map.
The study of biharmonic maps (as a special case of k-polyharmonic maps with
k = 2) was proposed by Eells-Lemaire in [EL] (Section (8.7)). Jiang [Ji1], [Ji2],
[Ji3] made a first effort to study such maps by calculating the first and second
variational formulas of the bienergy functional and specializing on the biharmonic
isometric immersions which nowadays are called biharmonic submanifolds. Very
interestingly, the notion of biharmonic submanifolds was also introduced by B.
Y. Chen [Ch] in a different way in his study of the finite type submanifolds in
Euclidean spaces. Since 2000, the study of biharmonic maps has been attracting
a growing attention and it has become an active area of research with many pro-
gresses. We refer the readers to [BK], [BFO2], [BMO2], [LOn1], [MO], [NUG],
[Ou1], [Ou4], [OL], [Oua], and the references therein for some recent geometric
study of general biharmonic maps. For some recent progress on biharmonic sub-
manifolds see [CI], [Ji2], [Ji3], [Di], [CMO1], [CMO2], [BMO1], [BMO3], [Ou3],
[OT], [OW], [NU], [TO], [CM], [AGR] and the references therein. For biharmonic
conformal immersions and submersions see [Ou2], [Ou5], [BFO1], [LO], [WO] and
the references therein.
In this paper, we study biharmonic maps from a 2-sphere. One of our motiva-
tions comes from the following observations. There are many interesting examples
and a rich theory of harmonic maps from a 2-sphere:
• Chern-Goldberg [CG]: Any harmonic immersion f : S2 −→ (Nn, h) has
to be minimal, or equivalently, a conformal immersion;
• Sacks-Uhlenbeck [SU] and Wood [Wo1]: Any harmonic map f : S2 −→
(Nn, h) with n ≥ 3 has to be a conformal branched minimal immersion;
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• Smith [Sm]: Any homotopy class of maps S2 −→ S2 has a harmonic map
representative;
• There exist harmonic embeddings of S2 into S3, equipped with arbitrary
metric ([Sm1]);
• There are many beautiful explicit constructions that can be used to pro-
duce harmonic maps from S2 into projective spaces, Grassmannian man-
ifolds, and Lie groups (See e.g., Uhlenbeck [Uh], Burstall-Salamon [BS],
Burstall-Wood [BW] and Wood [Wo2], [Wo3]);
• Ferna´ndez [Fe]: The dimension of the space of harmonic maps from the
2-sphere to the 2n-sphere is 2d+n2. There is an explicit algebraic method
to construct all harmonic maps from the 2-sphere to the n-sphere.
It would be interesting to know if any of the above results can be generalized
to the case of proper biharmonic maps. Knowing that the only known exam-
ple of proper biharmonic maps from S2 is the biharmonic isometric immersion
S2( 1√
2
) −→ S3 [CMO1] (or a composition of this with a totally geodesic maps
from S3 into another manifold (See, e.g., [Ou1])) we would especially like to
know the answer to the question: Does there exist a proper biharmonic map
ϕ : S2 −→ (Nn, h) that is NOT a conformal immersion?
In this paper, we study biharmonicity of rotationally symmetric maps from
S2. We obtain a classification of biharmonic maps in a family of rotationally
symmetric maps between 2-spheres. We are able to find many examples of lo-
cally defined proper biharmonic maps from S2. Very interestingly, we find that
none of these locally defined proper biharmonic maps allows an extension to a
biharmonic map defined globally on S2. Our results seem to suggest the following
Conjecture: any biharmonic map ϕ : S2 −→ (Nn, h) is a weakly conformal
immersion.
2. Biharmonic equations for rotationally symmetric maps
In this section, we will derive biharmonic equations for a large class of maps that
includes rotationally symmetric maps between rotationally symmetric manifolds.
We will need the following lemma that gives the equation of biharmonic maps in
local coordinates.
Lemma 2.1. [OL] Let φ : (Mm, g) −→ (Nn, h) be a map between Riemannian
manifolds with φ(x1, . . . , xm) = (φ1(x), . . . , φn(x)) with respect to local coordinates
(xi) in M and (yα) in N . Then, φ is biharmonic if and only if it is a solution of
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the following system of PDE’s
∆τσ + 2g(∇τα,∇φβ)Γ¯σαβ + τα∆φβΓ¯σαβ
+ταg(∇φβ,∇φρ)(∂ρΓ¯σαβ + Γ¯ναβΓ¯σνρ)− τ νg(∇φα,∇φβ)R¯σβ αν = 0,(3)
σ = 1, 2, . . . , n,
where τ 1, . . . , τn are components of the tension field of the map φ, ∇, ∆ denote
the gradient and the Laplace operators defined by the metric g, and Γ¯σαβ and R¯
σ
β αν
are the components of the connection and the curvature of the target manifold.
Lemma 2.2. The map ϕ : (M2, dr2 + σ2(r)dθ2) −→ (N2, dρ2 + λ2(ρ)dφ2) with
ϕ(r, θ) = (ρ(r), cr + kθ + a2) is biharmonic if and only if it solves the system
(4)


x′′ + σ
′
σ
x′ − (c2 + κ2
σ2
)(λλ′(ρ))′(ρ)x− (2cy′ + y2)λλ′(ρ) = 0,
cy′′ + yy′ + 2c
2λ′(ρ)
λ
x′ + 2c2
(
σ′λ′(ρ)
σλ
+ ρ
′(λλ′(ρ))′(ρ)
λ2
)
x = 0,
x = τ 1 = ρ′′ + σ
′
σ
ρ′ − (c2 + κ2
σ2
)λλ′(ρ),
y = τ 2 = 2cρ
′λ′(ρ)
λ
+ cσ
′
σ
,
Proof. One can easily compute the connection coefficients of the domain and the
target surfaces to get
Γ111 = 0, Γ
1
12 = 0, Γ
1
22 = −σσ′, Γ211 = 0, Γ212 =
σ′
σ
, Γ222 = 0,
Γ¯111 = 0, Γ¯
1
12 = 0, Γ¯
1
22 = −λλ′(ρ), Γ¯211 = 0, Γ¯212 =
λ′(ρ)
λ
, Γ¯222 = 0.
We can also check that the components of the Riemannian curvature of the target
surface are given by
R¯1212 = −λλ′′(ρ), R¯1221 = λλ′′(ρ), R¯2112 =
λ′′(ρ)
λ
, R¯2121 = −
λ′′(ρ)
λ
others R¯lkij = 0,
and that the tension field of the map ϕ has components
τ 1 = gij(ϕ1ij − Γkijϕ1k + Γ¯1αβϕαi ϕβj ) = ρ′′ +
σ′
σ
ρ′ − (c2 + k
2
σ2
)λλ′(ρ),(5)
τ 2 = gij(ϕ2ij − Γkijϕ2k + Γ¯2αβϕαi ϕβj ) =
2cρ′λ′(ρ)
λ
+
cσ′
σ
.(6)
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Using the notations x = τ 1 and y = τ 2 and performing a further computation we
have
∆τ 1 = gij(τ 1ij − Γkijτ 1k ) = x′′ +
σ′
σ
x′,(7)
∆τ 2 = gij(τ 2ij − Γkijτ 2k ) = y′′ +
σ′
σ
y′,(8)
2g(∇τα,∇ϕβ)Γ¯1αβ = −2cλλ′(ρ)y′,(9)
2g(∇τα,∇ϕβ)Γ¯2αβ =
2(cx′ + ρ′y′)λ′(ρ)
λ
,(10)
τα∆ϕβΓ¯1αβ = −
cσ′λλ′(ρ)
σ
y,(11)
τα∆ϕβΓ¯2αβ =
λ′(ρ)
λ
[
cσ′
σ
x+ (ρ′′ +
σ′
σ
ρ′)y],(12)
ταg(∇ϕβ,∇ϕρ)∂ρΓ¯1αβ = −cρ′(λλ′(ρ))′(ρ)y,(13)
ταg(∇ϕβ,∇ϕρ)Γ¯vαβΓ¯1vρ = −(c2 +
k2
σ2
)λ′2(ρ)x− cρ′λ′2(ρ)y,(14)
ταg(∇ϕβ,∇ϕρ)∂ρΓ¯2αβ = cρ′(
λ′(ρ)
λ
)′(ρ)x+ ρ′2(
λ′(ρ)
λ
))′(ρ)y,(15)
ταg(∇ϕβ,∇ϕρ)Γ¯vαβΓ¯2vρ = cρ′(
λ′(ρ)
λ
)2x+ ρ′2(
λ′(ρ)
λ
)2y − (c2 + k
2
σ2
)λ′2(ρ)y,(16)
−τ vg(∇ϕα,∇ϕβ)R¯1βαv = −(c2 +
k2
σ2
)λλ′′(ρ)x+ cρ′λλ′′(ρ)y,(17)
and
−τ vg(∇ϕα,∇ϕβ)R¯2βαv =
cρ′λ′′(ρ)
λ
x− ρ
′2λ′′(ρ)
λ
y.(18)
Substituting (7)∼ (18) into (3) we conclude that the map ϕ is biharmonic if and
only if

x′′ + σ
′
σ
x′ − (c2 + k2
σ2
)(λλ′(ρ))′(ρ)x− 2cλλ′(ρ)y′ − c
(
σ′λλ′(ρ)
σ
+ 2ρ′λ′2(ρ)
)
y = 0,
y′′ + (σ
′
σ
+ 2ρ
′λ′(ρ)
λ
)y′ +
(
λ′(ρ)
λ
(ρ′′ + σ
′
σ
ρ′)− (c2 + k2
σ2
)λ′2(ρ)
)
y
+2cλ
′(ρ)
λ
x′ + c
(
σ′λ′(ρ)
σλ
+ 2ρ
′λ′′(ρ)
λ
)
x = 0,
x = τ 1 = ρ′′ + σ
′
σ
ρ′ − (c2 + k2
σ2
)λλ′(ρ),
y = τ 2 = 2cρ
′λ′(ρ)
λ
+ cσ
′
σ
,
which is equivalent to the system (4). Thus we we obtain the lemma. 
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Remark 1. (i) With σ = 1, c = 0, k = 1 our Lemma 2.2 recovers Proposition 3.1
in [OL]; (ii) One can also check that our Lemma 2.2 also recovers the case for
m = n = 2 in Theorem 5.4 in [BMO2].
Some other straightforward applications of Lemma 2.2 can be stated as
Corollary 2.3. The map ϕ : (M2, dr2 + σ2(r)dθ2) −→ (N2, dρ2 + λ2(ρ)dφ2),
ϕ(r, θ) = (ρ(r), kθ + a2) is biharmonic if and only if it solves the system
(19)
{
x′′ + σ
′
σ
x′ − k2(λλ′)′(ρ)
σ2
x = 0,
x = τ 1 = ρ′′ + σ
′
σ
ρ′ − k2λλ′(ρ)
σ2
.
In particular, the rotationally symmetric map ϕ : (T 2, dr2 + dθ2) −→ (S2, h =
dρ2 + sin2 ρdφ2) from a flat torus into a sphere with ϕ(r, θ) = (ρ(r), κθ) is bihar-
monic if and only if
(20) ρ(4) − 2κ2 cos(2ρ)ρ′′ + 2κ2 sin(2ρ)ρ′2 + κ
4
4
sin(4ρ) = 0.
Remark 2. Note that Equation (20) was obtained in [MR] by using a 1-dimensional
variational approach. It was also observed in [MR] that when ρ = pi
4
, 3pi
4
, ϕ give
proper biharmonic maps.
Corollary 2.4. The rotationally symmetric map ϕ : (S2, dr2 + sin2 rdθ2) −→
(S2, dρ2 + sin2 ρdφ2) with ϕ(r, θ) = (ρ(r), kθ) is biharmonic if and only if the
function ρ = ρ(r) solves the system
(21)
{
x′′ + cot rx′ − k2 cos 2ρ
sin2 r
x = 0,
x = τ 1 = ρ′′ + cot rρ′ − k2 sin 2ρ
2 sin2 r
,
or equivalently,
(22)


d2x
dt2
= k2x cos(2ρ),
x(t) = cosh2 t
(
d2ρ
dt2
− k2 sin ρ cos ρ
)
,
where t = ln | tan r
2
|.
Proof. Equation (21) is obtained by applying Corollary 2.3 with σ = sin r, λ =
sin ρ, a2 = 0 whilst Equation (22) comes from Equation (21) by a transformation
t = ln | tan r
2
|. 
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3. A classification of biharmonic maps between 2-spheres
Note that there are many smooth maps between spheres. For example, the
following family of maps was studied in Peng-Tang [PT]. Let fk : S
n −→ Sn (k >
0) be defined by
(23) (cos r, sin r ·X) −→ (cos(kr), sin(kr) ·X),
where 0 ≤ r ≤ pi and X ∈ Sn−1 ⊂ Rn. It was proved in [PT] that fk is a k-form
and the Brouwer degree of fk is
degfk =


k, if n is odd;
1 if n is even and k is odd;
0 otherwise.
Note also that with respect to geodesic polar coordinates, this family of maps
can be described as fk(r, θ) = (kr, θ), a family of rotationally symmetric maps
between spheres.
It is easy to check that the quadratic polynomial map F : R3 −→ R3 defined
by F (x, y, z) = (x2 − y2 − z2, 2xy, 2xz) restricts to a map between spheres
f = F |S2 : S2 −→ S2. Using geodesic polar coordinates (r, θ) on the domain
sphere and (ρ, φ) on the target sphere we can have a local expression of the map
given by
(24) f : (S2, d r2 + sin2 r d θ2) −→ (S2, d ρ2 + sin2 ρ dφ2), f(r, θ) = (2r, θ).
It follows that this restriction of the polynomial map is a rotationally symmet-
ric map between 2-spheres belonging to the family (23): fk : S
2 −→ S2. One
can further check that the tension field of the map f is τ(f) = 2 sin 2r ∂
∂r
, so it is
NOT a harmonic map. It would be interesting to know whether there exists any
proper biharmonic map in the family of rotationally symmetric maps fk.
Our next theorem gives a classification of biharmonic maps in a class of maps
S2 −→ S2 which includes the family fk of rotationally symmetric maps as a
subset.
Theorem 3.1. The rotationally symmetric map ϕ : (S2, dr2 + sin2 rdθ2) −→
(S2, dρ2 + sin2 ρdφ2) with ϕ(r, θ) = (ar + a1, kθ) and a 6= 0 is biharmonic if and
only if a2 = 1, k2 = 1, and a1 = 0, or, a1 = pi, i.e., the map is actually harmonic.
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Proof. For ρ = ar + a1, it follows from Corollary 2.4 that ϕ is biharmonic if and
only if it solves the system
(25)


x′′ + cot rx′ − k2 cos 2ρ
sin2 r
x = 0,
x = τ 1 = a cot r − k2 sin 2ρ
2 sin2 r
,
ρ = ar + a1.
A straightforward computation using the last two equations of (25) gives
(26)
{
x′ = − a
sin2 r
− k2a sin r cos 2ρ−k2 cos r sin 2ρ
sin3 r
,
x′′ = 2a cos r
sin3 r
− (k2−2k2a2) sin2 r sin 2ρ+3k2 cos2 r sin 2ρ−4k2a sin r cos r cos 2ρ
sin4 r
.
Substituting (26) into Equation (25) we have{
2a sin r cos r+2(2k2a2−k2) sin2 r sin 2ρ−4k2 cos2 r sin 2ρ+4k2a sin r cos r cos 2ρ+k4 sin 2ρ cos 2ρ
2 sin4 r
= 0,
ρ = ar + a1,
which is equivalent to

2a sin r cos r + 2(2k2a2 − k2) sin2 r sin 2ρ− 4k2 cos2 r sin 2ρ
+4k2a sin r cos r cos 2ρ+ k4 sin 2ρ cos 2ρ = 0,
ρ = ar + a1.
By a further computation, we can rewrite the above equation as
(27)


a sin 2r + (2k2a2 − 3k2) sin 2ρ− (2k2a2 + k2) cos 2r sin 2ρ
+2k2a sin 2r cos 2ρ+ k4 sin 2ρ cos 2ρ = 0,
ρ = ar + a1.
Write f(r) = a sin 2r + (2k2a2 − 3k2) sin 2ρ− (2k2a2 + k2) cos 2r sin 2ρ
+ 2k2a sin 2r cos 2ρ+ k4 sin 2ρ cos 2ρ, then we have
f ′(r) = 2a cos 2r + 2a(2k2a2 − 3k2) cos 2ρ+ 2k2 sin 2r sin 2ρ
+(2k2a− 4k2a3) cos 2r cos 2ρ+ 2k4a cos 4ρ,
f ′′(r) = −4a sin 2r − 4a2(2k2a2 − 3k2) sin 2ρ
+(8k2a4 − 4k2a2 + 4k2) cos 2r sin 2ρ+ 8k2a3 sin 2r cos 2ρ− 8k4a2 sin 4ρ,
and
f ′′′(r) = −8a cos 2r − 8a3(2k2a2 − 3k2) cos 2ρ
+(−32k2a4 + 8k2a2 − 8k2) sin 2r sin 2ρ
+(16k2a5 + 8k2a3 + 8k2a) cos 2r cos 2ρ− 32k4a3 cos 4ρ.
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Equation (27) implies that for any r, we have
(28)


f(r) = 0,
f ′(r) = 0,
f ′′(r) = 0,
f ′′′(r) = 0,
ρ = ar + a1.
Since a 6= 0, one can easily check that if k = 0, then Equation (25 ) has no
solution. So from now on we assume that k 6= 0. Substituting r0 = pi2 , ρ0 = api2+a1
into Equation (28) we have
(29)

f(r0) = 2k
2 sin ρ0 cos ρ0(4a
2 − 2 + k2 cos 2ρ0) = 0,
f ′(r0) = 2a {−1 − k4 + (4k2a2 − 4k2) cos 2ρ0 + 2k4 cos2 2ρ0} = 0,
f ′′(r0) = 8k2 sin ρ0 cos ρ0 (−4a4 + 4a2 − 1− 4k2a2 cos 2ρ0) = 0,
f ′′′(r0) = 8a {1 + (−4k2a4 + 2k2a2 − k2) cos 2ρ0 − 8k4a2 cos2 2ρ0 + 4k4a2} = 0,
2ρ0 = api + 2a1.
Noting that r ∈ (0, pi) and ρ(r) ∈ (0, pi) we conclude that k sin ρ0 6= 0. We will
solve Equation (29) by the following two cases:
Case (i): cos ρ0 6= 0.
In this case, Equation (29) becomes
(30)


4a2 − 2 + k2 cos 2ρ0 = 0,
−1− k4 + (4k2a2 − 4k2) cos 2ρ0 + 2k4 cos2 2ρ0 = 0,
−4a4 + 4a2 − 1− 4k2a2 cos 2ρ0 = 0,
1 + (−4k2a4 + 2k2a2 − k2) cos 2ρ0 − 8k4a2 cos2 2ρ0 + 4k4a2 = 0,
2ρ0 = api + 2a1.
By substituting the first equation of (30) into the second , the third, and the
fourth we have
(31)


k4 = 16a4 − 8a2 − 1,
12a4 − 4a2 − 1 = 0,
−112a6 + 112a4 − 24a2 − 1 + 4k4a2 = 0.
Solving the second equation (31) we have a2 = 1
2
. Substituting a2 = 1
2
into the
first equation of (31) yields k4 = −1, which shows Equation (31) and hence (30)
has no real solution in this case.
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Case (ii): cos ρ0 = 0, i.e., ρ0 =
api
2
+ a1 =
pi
2
.
In this case, Equation (29) reduces to{
−1 + k4 − 4k2a2 + 4k2 = 0,
1 + k2 + 4k2a4 − 2k2a2 − 4k4a2 = 0,
which is equivalent to
(32)
{
4k2(a2 − 1) = k4 − 1,
4k2a2(a2 − 1) = 4k4a2 − 2k2a2 − k2 − 1.
We can easily check that if a2 = 1, then Equation (32) has a solution k2 = 1.
In this case, we have a1 = 0 or a1 = pi and hence τ
1 = a cot r − k2 sin 2ρ
2 sin2 r
= 0.
This implies that the map ϕ : (S2, dr2 + sin2 rdθ2) −→ (S2, dρ2 + sin2 ρdφ2) with
ϕ(r, θ) = (r, kθ) or ϕ(r, θ) = (−r + pi, kθ) is a harmonic map.
If a2 6= 1, then k2 6= 1. In this case, we solve Equation (32) for a2 in terms of k
to have
(33) a2 =
k2 + 1
3k4 − 2k2 + 1 .
Substituting (33) into the first equation of (32) we have
(34) 3k6 + 13k4 − k2 + 1 = 0.
Setting k2 = t, the above equation becomes
(35) 3t3 + 13t2 − t+ 1 = 0.
Now we consider the function φ(t) = 3t3 + 13t2 − t+ 1 defined on the interval
[0,+∞). It is an elementary exercise to check that the absolute minimum value
of this function over the interval [0,∞) is φ(−13+
√
178
9
) = 4
243
(1247−89√178) > 0.
It follows that Equation (35) has no positive solution. This implies that Equa-
tion (34) has no real solution and hence Equation (32) has no solution in this case.
Summarizing the results in Cases (i) and (ii) we obtain the theorem. 
Corollary 3.2. The globally defined smooth map f = F |S2 : S2 −→ S2 obtained
from the restriction of the polynomial map F : R3 −→ R3, F (x, y, z) = (x2−y2−
z2, 2xy, 2xz), is neither a harmonic nor a biharmonic map.
Proof. As we mentioned at the beginning of the section, the map f is a rotation-
ally symmetric map with f(r, θ) = (2r, θ). So, by our Theorem 3.1, the map f is
not a biharmonic map. Substituting a = 2, k = 1 into the second equation of (25)
we obtain the first component of the tension field τ 1 = 2 sin 2r 6= 0. It follows
that the map f is neither a harmonic map. 
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4. Locally defined biharmonic maps from a 2-sphere
We first prove the following proposition which shows that for a special class of
maps between rotationally symmetric manifolds, the biharmonic map equation
reduces to biharmonic function equation. This will be used to construct many
locally defined proper biharmonic maps from a 2-sphere into itself.
Proposition 4.1. The map ϕ : (M2, dr2 + σ2(r)dθ2) −→ (N2, dρ2 + λ2(ρ)dφ2)
with ϕ(r, θ) = (ρ(r), a2) is biharmonic if and only if ∆
2
Mρ = 0, i.e., ρ(r) is a
biharmonic function on (M2, dr2 + σ2(r)dθ2), which can be determined by the
integral
ρ(r) =
∫ 

∫ (
C1σ(r)
∫
dr
σ(r)
+ C2σ(r)
)
dr + C3
σ(r)

 dr + C4,(36)
where C1, C2, C4 and C4 are constants. Furthermore, the map is proper bihar-
monic if C21 + C
2
2 6= 0.
Proof. Using Corollary 2.3 , it follows that ϕ : (M2, dr2+σ2(r)dθ2) −→ (N2, dρ2+
λ2(ρ)dφ2) with ϕ(r, θ) = (ρ(r), a2) is biharmonic if and only if it solves the system
(37)
{
x′′ + σ
′
σ
x′ = 0,
x = τ 1 = ρ′′ + σ
′
σ
ρ′.
Noting that x = ρ′′+ σ
′
σ
ρ′ = ∆Mρ and ∆Mx = x′′+ σ
′
σ
x′ we conclude that Equation
(37) is equivalent to ∆2Mρ = 0. This gives the first statement of the proposition.
To solve Equation (37), we integrate the first equation to have
x = C1
∫
dr
σ(r)
+ C2.
Substituting this into the second equation of (37) we have
ρ′′ +
σ′
σ
ρ′ = C1
∫
dr
σ(r)
+ C2,
which is solved by
ρ(r) =
∫ 

∫ (
C1σ(r)
∫
dr
σ(r)
+ C2σ(r)
)
dr + C3
σ(r)

 dr + C4,
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where C1, C2, C4 and C4 are constant. Thus, we obtain the proposition.
Remark 3. Applying Proposition 4.1 we can conclude that the map
ϕ : (R2 \ {0}, dr2 + r2dθ2) −→ (N2, dρ2 + λ2(ρ)dφ2) with ϕ(r, θ) = (ρ(r), a2) is
biharmonic if and only if ρ(r) = c1r
2 ln r + c2r
2 + c3 ln r + c4, which is a result in
(b) of Proposition 5.5 (for m = n = 2) in [BMO2].
As another straightforward application of Proposition 4.1, we have the following
corollary which gives many locally defined proper biharmonic maps between 2-
spheres.
Corollary 4.2. For constants C1, C2, C3, C4 with C
2
1 + C
2
2 6= 0, the rotationally
symmetric map ϕ : (S2, dr2 + sin2 rdθ2) −→ (S2, dρ2 + sin2 ρ dφ2) with ϕ(r, θ) =
(ρ(r), a2) is a proper biharmonic if
ρ(r) =
∫ {∫ (
C1 sin r
∫
dr
sin r
+ C2 sin r
)
dr + C3
sin r
}
dr + C4.(38)
Remark 4. We would like to point out that Corollary 4.2 provides many examples
of locally defined proper biharmonic maps between two 2-spheres. However, none
of them can be extended to a globally defined map S2 −→ S2. This can be seen
from the fact that each of the maps provided by Corollary 4.2 is determined
by a locally defined biharmonic function on S2. No locally defined biharmonic
function can be extended to the whole sphere S2 as it is well known that any
globally defined biharmonic function on S2 has to be a constant.
In the rest of this section, we will show that the equations for biharmonic
maps from S2 into some special choices of rotationally symmetric manifolds can
be solved completely. First, let us prove the following lemma.
Lemma 4.3. Let λ2(ρ) = Aρ2 + 2C0ρ+ C > 0, and C0, A, C, k, a2 be constants.
Then, the map ϕ : (M2, dr2 + σ2(r)dθ2) −→ (N2, dρ2 + λ2(ρ)dφ2) defined by
ϕ(r, θ) = (ρ(r), kθ + a2) is biharmonic if and only if
(39)
{
x′′ + σ
′
σ
x′ − k2A
σ2
x = 0,
x = τ 1 = ρ′′ + σ
′
σ
ρ′ − k2(Aρ+C0)
σ2
.
Proof. For λ2(ρ) = Aρ2 + 2C0ρ + C > 0, we have λλ
′(ρ) = Aρ + C0 and
(λλ′(ρ))′(ρ) = A. By Corollary 2.3 , the map ϕ : (M2, dr2 + σ2(r)dθ2) −→
(N2, dρ2 + λ2(ρ)dφ2) with ϕ(r, θ) = (ρ(r), kθ + a2) is biharmonic if and only if it
solves the system
(40)
{
x′′ + σ
′
σ
x′ − k2A
σ2
x = 0,
x = τ 1 = ρ′′ + σ
′
σ
ρ′ − k2(Aρ+C0)
σ2
.
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Thus, we obtain the lemma. 
Theorem 4.4. The rotationally symmetric map ϕ : (S2, dr2 + sin2(r)dθ2) −→
(R2, dρ2 + (ρ + 1)dφ2) with ϕ(r, θ) = (1
4
(ln tan r
2
)2 − ln sin r + 1, θ) is a proper
biharmonic map.
Proof. First, we prove the following
Claim: Let C0, C be constants so that λ
2(ρ) = 2C0ρ + C > 0. Then, the map
ϕ : (M2, dr2 + σ2(r)dθ2) −→ (N2, dρ2 + λ2(ρ)dφ2) with ϕ(r, θ) = (ρ(r), kθ + a2)
is biharmonic if and only if
ρ(r) =
∫ 

∫ (
C1σ(r)
∫
dr
σ(r)
+ C2σ(r) +
k2C0
σ(r)
)
dr + C3
σ(r)

 dr + C4,(41)
where C1, C2, C3 and C4 are constants.
Proof of the Claim: For λ2(ρ) = 2C0ρ + C, we apply Lemma 4.3 with A = 0
to conclude that the map ϕ : (M2, dr2+ σ2(r)dθ2) −→ (N2, dρ2+ λ2(ρ)dφ2) with
ϕ(r, θ) = (ρ(r), kθ + a2) is biharmonic if and only if it solves the system
(42)
{
x′′ + σ
′
σ
x′ = 0,
x = τ 1 = ρ′′ + σ
′
σ
ρ′ − k2C0
σ2
.
Integrating the first equation of (42) we obtain
x = C1
∫
1
σ(r)
dr + C2.
Substituting this into the second equation of (42) and multiplying σ(r) to both
sides of the resulting equation we have
(43) (ρ′σ)′ = C1σ
∫
1
σ(r)
dr + C2σ +
k2C0
σ
.
Integrating this second order ODE we obtain the Claim.
To prove the theorem, we first notice that the biharmonic maps given in the
Claim are proper biharmonic maps for C21 + C
2
2 6= 0 since the first component of
the tension field is τ 1 = x = C1
∫
1
σ(r)
dr + C2. Now, we apply the Claim with
σ(r) = sin r, λ2(ρ) = ρ + 1 and C = C2 = C4 = k = 1, C0 = 1/2, C1 = C3 = 0
to conclude that the rotationally symmetric map ϕ : (S2, dr2 + sin2(r)dθ2) −→
(R2, dρ2 + (ρ+ 1)dφ2) with ϕ(r, θ) = (ρ(r), θ) is a proper biharmonic map if and
only if
ρ(r) =
∫ {∫ (
sin r + 1
2 sin r
)
dr
sin r
}
dr + 1.(44)
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A further integration of the above integral gives the required result. Thus, we
complete the proof of the theorem. 
Remark 5. We would like to point out that the proper biharmonic map
ϕ : (S2, dr2 + sin2(r)dθ2) −→ (R2, dρ2 + (ρ+ 1)dφ2) with
ϕ(r, θ) = (1
4
(ln tan r
2
)2− ln sin r+1, θ) is actually defined on the sphere with two
points (the north and the south poles) deleted since r 6= 0, pi.
Theorem 4.5. Let λ2(ρ) = ρ2 + 2C0ρ + C > 0, and C0, C be constants. Then,
the map ϕ : (S2, dr2+sin2(r)dθ2) −→ (N2, dρ2+λ2(ρ)dφ2) with ϕ(r, θ) = (ρ(r), θ)
is biharmonic if and only if
ρ(r) = (C1 − C2 + C3)| cot r
2
|+ (2C1 ln | tan r
2
|+ C4)| tan r
2
|
−(C1| tan r
2
|+ C2| cot r
2
|) ln(1 + tan2 r
2
)− C0,(45)
where C1, C2, C3, C4 are constants. Furthermore, when C
2
1 + C
2
2 6= 0, the
rotationally symmetric maps determined by (45) are proper biharmonic maps.
Proof. Using Lemma 4.3 with σ(r) = sin r, A = 1, k = 1, and a2 = 0 we conclude
that ϕ is biharmonic if and only if it solves the system
(46)
{
x′′ + cot rx′ − 1
sin2 r
x = 0,
x = τ 1 = ρ′′ + cot rρ′ − 1
sin2 r
ρ− C0
sin2 r
.
To solve this system of ODEs we introduce new variable by letting t = ln | tan r
2
|.
It follows that
(47)


ρ′ = dρ
dr
= dρ
dt
dt
dr
= 1
sin r
dρ
dt
,
ρ′′ = d
2ρ
dr2
= 1
sin2 r
d2ρ
dt2
− cos r
sin2 r
dρ
dt
,
x′ = dx
dr
= 1
sin r
dx
dt
,
x′′ = d
x
dr2
= 1
sin2 r
d2x
dt2
− cos r
sin2 r
dx
dt
.
Substituting sin r =
2 tan r
2
1+tan2 r
2
= 2e
t
1+e2t
and Equation (47) into (46) we have
(48)


d2x
dt2
− x = 0,
x = (1+e
2t)2
4e2t
(
d2ρ
dt2
− ρ− C0
)
.
It is very easy to see that the general solution of the first equation of (48) as
(49) x = C1e
−t + C2e
t.
Substituting this into the second equation of (48) we obtain
(50)
d2ρ
dt2
− ρ = 4e
2t
(1 + e2t)2
(C1e
−t + C2e
t) + C0.
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Using the method of variation of parameters we can have the general solution of
(50) as
ρ(t) = C3e
−t + C4e
t + u1(t)e
−t + u2(t)e
t(51)
where the parameters u1, u2 are determined by
u′1(t) = −
et( 4e
2t
(1+e2t)2
(C1e
−t + C2et) + C0)
2
,
= −C1 2e
2t
(1 + e2t)2
− C2 2e
4t
(1 + e2t)2
− C0
2
et,(52)
u′2(t) =
e−t( 4e
2t
(1+e2t)2
(C1e
−t + C2et) + C0)
2
=
2C1
(1 + e2t)2
+ C2
2e2t
(1 + e2t)2
+
C0
2
e−t.(53)
Integrating these first order ODEs we obtain
u1(t) =
C1
1 + e2t
− C2
1 + e2t
− C2 ln(1 + e2t)− C0
2
et,(54)
u2(t) = 2C1t +
C1
1 + e2t
− C1 ln(1 + e2t)− C2
1 + e2t
− C0
2
e−t.(55)
Substituting these into (51) we obtain the general solution of (50) as
(56) ρ(t) = (C1−C2 +C3)e−t+ (2C1t+C4)et − (C1et+C2e−t) ln(1 + e2t)−C0.
Noting that t = ln | tan r
2
| we have
ρ(r) = (C1 − C2 + C3)| cot r
2
|+ (2C1 ln | tan r
2
|+ C4)| tan r
2
|
−(C1| tan r
2
|+ C2| cot r
2
|) ln(1 + tan2 r
2
)− C0,(57)
where C1, C2, C3, C4 are constants. This completes the proof of the theorem. 
Example 1. The map ϕ : (S2, dr2+sin2(r)dθ2) −→ (N2, dρ2+(ρ2+2C0ρ+C)dφ2)
with C > 0 and ϕ(r, θ) = (| cot r
2
|[1 + ln(1 + tan2 r
2
)], θ) is a proper biharmonic
map. This is obtained from Theorem 4.5 with C0 = C1 = C3 = C4 = 0, C2 = −1
and hence (45) becomes ρ(r) = | cot r
2
|[1 + ln(1 + tan2 r
2
)].
Remark 6. (i) Note that the stereographic projections φ : (S2 \ {N}, dr2 +
sin2(r)dθ2) −→ (r2, dρ2 + ρ2dφ2) with φ(r, θ) = (cot r
2
, θ) and φ : (S2 \ {S}, dr2+
sin2(r)dθ2) −→ (r2, dρ2 + ρ2dφ2) with φ(r, θ) = (tan r
2
, θ) are among the maps in
the family provided by Theorem 4.5. It is well known that these are harmonic
maps.
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(ii) We notice that the solution does not depend on C in the prescribed met-
ric dρ2 + (ρ2 + 2C0ρ + C)dφ
2 on the target manifold. One can easily check
that the Gauss curvature of the metric dρ2 + (ρ2 + 2C0ρ + C)dφ
2 is given by
K =
C2
0
−C
(ρ2+2C0ρ+C)2
. This allows us to construct examples of local proper bihar-
monic maps from a 2-sphere into a surface with curvature of any fixed sign by a
suitable choice of C.
(iii) Note that none of the locally defined proper biharmonic maps from S2 given
in Theorem 4.5 can be extended to a global map ϕ : (S2, dr2 + sin2(r)dθ2) −→
(N2, dρ2 + (ρ2 + 2C0ρ+C)dφ
2). If otherwise, we could choose C so that C > C20
and hence the Gauss curvature of the target surface would be negative as we
mentioned in (i). This would contradict a theorem of Jiang stating that any
biharmonic map from a compact manifold into a non-positively curved manifold
has to be harmonic.
As a closing remark, we would like to point out that our results (Theorems 3.1,
4.4, 4.5, Corollary 4.2, and Remarks 4, 5, 6) seem to suggest the following
Conjecture: any biharmonic map S2 −→ (Nn, h) is a weakly conformal immer-
sion.
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